In this paper, the problem of an oscillator traversing an elastically supported continuum is studied. The 
Introduction
The problem of loads or subsystems travelling along a distributed structure is commonly encountered in a wide range of engineering systems. These include the design and analysis of railroad tracks and bridges traversed by high-speed trains and elevated roadways with moving vehicles ͓1-3͔, overhead cranes ͓4͔, high speed precision machining ͓5͔, computer storage disk drives ͓6͔, cables transporting human/materials ͓7͔, disk brakes ͓8͔, and the like. In each of these systems, the estimation of the moving loads ͓9͔ and the accurate calculation of the response and stresses of the structures are essential for reliable design, life prediction, and implementation of control strategies ͓10,11͔. There is a large body of the literature addressing the aforementioned issues. We refer the interested readers to an extensive list of references found in ͓12͔.
It has long been observed that, as a structure is subjected to moving loads, the induced dynamic deflection and stress can be significantly higher than those observed in the static case ͓13͔. In this regard, the majority of the literature has been devoted to the study of the so-called moving force ͓14,15͔, moving mass ͓16 -20͔, and moving oscillator problems ͓12,21-23͔. As noted in ͓24͔, the moving force problem is a good approximation to the complicated moving mass problem if the mass of the moving load is relatively small in comparison to the mass of the supporting structure, and the speed and acceleration of the moving load are low. When the interactions between the moving elements and the supporting structure are significant, particularly so for shorter span structures, the moving oscillator problem should be considered.
In bridge designs, elastic bearings are traditionally inserted between the bridge girders and the cap beam of the supporting structure to effectively reduce seismic forces. However, most research to-date has modeled the supporting structure with ideal boundary conditions ͑such as simply supported and clamped-clamped͒, and there has been no effort to address the effects of boundary flexibility in problems involving moving dynamic elements ͑a search of the literature shows only few papers dealing with the vibration of beams with general boundary conditions excited by moving forces ͓25-27͔͒. Such a study is important for several key reasons. ͑1͒ A model of the supporting structure with elastic boundary conditions is useful for including the coupling dynamics between adjacent spans. In light of the effects of the initial conditions of beam vibration in moving load problems ͓28͔, this kind of coupling may be critical in understanding the propagation of loads and possibly coupling-induced large deflections. ͑2͒ The boundary flexibility may amplify the response of the supporting structure, and in the case of the vehicles-bridge problem, may also affect the ride comfort and increase cargo damage and vehicle maintenance. These effects in terms of the speed and stiffness of the moving inertial elements have not been examined systematically. ͑3͒ The improved model is a useful, first step towards investigating nonlinear bearing effects on the response of the structure and developing vibration reduction methods by passive, semi-active, and active control strategies.
The purpose of this paper is to investigate the effects of elastic boundary conditions on the dynamic response of an elastic continuum carrying a moving sprung-mass oscillator. The boundaries are modeled by linear, elastic springs. The eigensolutions of the continuum are first obtained, and the sensitivity of the eigenvalues to the support stiffness is examined to give some insight into the boundary modeling. The response and the interaction force ͑mov-ing contact force͒ are solved by an eigenfunction expansion series. The jump in the shear force is accounted for by an improved series expansion using the static Green's function. Numerical results for the maximum response, maximum interaction force and shear force distributions for different sets of system parameters are presented to assess the effects of the boundary stiffness. These studies are useful for addressing issues related to boundary modeling and understanding stress fatigue failures of the structural systems. Employing results from the moving force problem, an estimate of the support stiffness above which a boundary can be idealized as simple is also derived.
Equations of Motion
Consider the system shown in Fig. 1 . The equation of motion governing the transverse vibration of the spatially onedimensional distributed parameter system due to the moving oscillator is
where (•), tt denotes ‫ץ‬ 2 /‫ץ‬t 2 . The dynamic interaction force or contact force F(t) is
and the governing equation of motion for the oscillator is
In the above equations, L is the length of the continuum, w(x,t) is the transverse displacement of the continuum, z(t) is the displacement of the oscillator measured from its equilibrium position such that when zϭ0 the oscillator is at rest subjected to its own weight, and K are positive-definite spatial differential operators representing the inertia and stiffness of the structure, respectively, and ␦(x) is the Dirac-delta-function. In this paper, a uniform EulerBernoulli beam is considered; hence is the linear mass density of the beam and KϭEI‫ץ‬ 4 /‫ץ‬x 4 . The mass m, stiffness k o and speed of the oscillator are assumed constant. The initial conditions are assumed to be zero and the boundaries are modeled by linear springs specified as follows:
Introduce the following dimensionless notations
The coupled Eqs. ͑1͒ and ͑3͒ then take the form
where, ϭͱk o /m ϵ/⍀ (ϵͱk o /m) is the natural frequency of the oscillator. Hereafter, for simplicity of notations, the overbar will be dropped from the dimensionless variables, unless otherwise specified.
Solution of the Eigenvalue Problem
The eigenfunctions of the continuum can be expressed as ͑x ͒ϭC 1 sin xϩC 2 cos xϩC 3 sinh xϩC 4 cosh x,
where 2 ϭ ͑ is the dimensionless natural frequency of the beam͒. Applying Eqs. ͑4͒-͑8͒ and solving for the nontrivial solution lead to the characteristic equation 6 ͑ cos cosh Ϫ1 ͒Ϫ2 1 2 sin sinh ϩ
where, 1 ϭk 1 L 3 /EI, 2 ϭk 2 L 3 /EI are the dimensionless support stiffness. The eigenfunctions satisfy the orthonormal conditions of
where ␦ i j is the Kronecker-delta symbol and prime denotes a spatial derivative. In this paper, numerical results are presented for 1 ϭ 2 ϭ. For brevity of notations, denote SS for simply supported, CC for clamped-clamped, and EE for elastically supported boundary conditions, respectively. The relationship between the first eigenvalue 1 and is shown in Fig. 2 . It is well known that 1 → ͑first eigenvalue of the SS beam͒ as approaches infinity. Define ( cr ) as the critical beyond which d 1 /d is sufficiently small. Since the scale of is about two orders of magnitude larger than the scale of 1 , we consider a small, normalized derivative Ϫ3 . This condition corresponds to (d 1 / 1 ) /(d/)Х0.1. As marked in Fig.  2 , it was found that ( cr ) ϭ160. Though results are not presented here, ( cr ) generally increases with the mode number. Thus, the critical value shown in Fig. 2 may be used as a guideline to judge when an elastic boundary may be considered as simple. For most practical applications, the frequency of the structural response is low ͑about 2-5 Hz͒ and the first mode dominates ͓29͔. Figure 2 shows that, for Ͻ( cr ) , 1 is sensitive to variations in ͑due to parameter variations͒ and this could have strong implications in the design analysis. Note that, since ϭkL 3 /EI, the effects of boundary flexibility on the structural response are thus more pronounced for shorter spans. Consider the interaction of a vehicle traversing a bridge. Typical design parameters are:
This set of parameters gives ϭ156.25, very close to ( cr ) . Thus, for problems of vehicles moving on bridge structures are of the same order of 
where the generalized coordinates q n (t) are solutions to the differential equations
It has been shown ͑e.g., in ͓23͔͒ that the conventional series ͑11͒ converges well for the response solution. Hence, the response and the interaction force can be evaluated accurately by solving simultaneously the coupled Eqs. ͑12͒ and ͑3͒, and employing ͑2͒. However, the convergence for the shear force by direct differentiation of ͑11͒
is poor especially at the jumps ͑due to the moving load͒ in the shear force distribution. To improve the convergence of the series expansion for the shear force distribution, the static Green's function concept was employed in ͓30͔ for the SS and CC models. In what follows, an accelerated series expression for the shear force distribution of the elastically supported continuum is derived.
An Improved Series Expansion for the Shear Force. The static Green's function is the solution to the problem
KG͑x, ͒ϭ␦͑ xϪ ͒,
specified with proper boundary conditions. Solution to this boundary value problem is straightforward. The static Green's function can be expressed in a polynomial or modal series form. For subsequent derivations, the modal series form will be used
Consider the following representation
It is evident that this representation gives the response of the continuum due to a moving force equal to the weight of the oscillator if its inertia is neglected. This is referred to as the quasistatic solution of the moving force problem. As a matter of fact, this quasi-static solution gives the first approximation to the moving force problem. When the moving oscillator is considered, the quasi-static solution w qs (x,t) of the moving oscillator problem is similarly defined as
To derive a solution for Eq. ͑1͒, we assume that a solution having the following form
The task is thus to find w (x,t). As shown in the Appendix, it can be derived that
Substituting Eq. ͑19͒ into ͑18͒ and using Eq. ͑17͒ gives
The shear force distribution of the continuum can then be obtained as
Note that, by employing Eq. ͑21͒, the jump in the shear force at the moving load attachment point xϭt is determined exactly by virtue of the static Green's function. It should be noted that ͑21͒ and ͑31͒ of ͓30͔ are essentially identical formulas. In fact, it can be shown that ͑21͒ is valid for the continuum with any proper boundary conditions. Effects of the boundary conditions on the shear force are implicit within the eigensolutions and the static Green's function. In ͓23,30͔, it was shown that the improved series converges much better than the conventional series, particularly for the shear force, in both the SS and CC models. This fact is also observed in our numerical simulations of the EE model. Hence, we will focus only on comparing the convergence of the series ͑21͒ for the SS and EE models. Figure 3 shows that the series converges with about three terms for the SS model, while at least twelve terms are required for satisfactory convergence in the EE model for ϭ10
4 . This is to say that higher order terms have more significant contributions in the EE model than in the SS model.
Results and Discussion
Numerical results are obtained by the aforementioned procedures using MATLAB and are presented for the following system parameters ͓12͔: 
Response and Interaction Force.
The maximum deflection of a continuum is commonly defined by two kinds of norms. One is based on an energy norm: w norm ϭmax tϾ0 ʈw(x,t)ʈ 2 . Employing the orthonormal relations of the eigenfunctions,
The other measure is based on an absolute norm:
Results based on these two norms are compared and reveal the same patterns. Since the absolute norm gives upper bounds ͑worst case designs͒, it will be employed in subsequent presentations of results. The normalized stiffness of the oscillator is k o ϭ10, corresponding to ϭ10 which is close to the first natural frequency of the SS beam, 1SS ϭ 2 ͑9.8696͒. From Fig. 4 , it is seen that the beam response is generally amplified by the boundary flexibility. At low speeds, w max has several local maxima and minima. This fact has often puzzled observers of field tests in which the maximum deflection of the structure depends on at low speeds. This phenomenon can be explained as follows. At very small speeds ͑close to zero͒, the moving oscillator problem can be approximated by the moving force solution since the mass ratio ͑equals to 0.1 here͒ is small. Thus, w max occurs at the moment when the load is located at the middle of the beam and is exactly equal to the maximum static deflection. For low speeds, it appears that the beam performs small vibration ͑dynamic solution͒ around the equilibrium position described by a quasi-static solution. At a certain speed ͑and depending on the ratio of the passage time and 1 ), the dynamic and quasi-static solutions reach the maximum at the same instant; hence giving rise to a peak value in the figures. If the speed is slightly varied, the moments when both solutions take their maximum values do not coincide. This results in a lesser value of the maximum beam deflection. A similar explanation is also given in ͓31͔. It is noted that the boundary flexibility preserves this behavior at low speeds. At very high speeds, there will be another local maximum. However, for practical values ͑ϭ1 corresponds to 144 km/hr or 90 mi/hr͒, it is seen that w max increases ͑almost linearly͒ with speed.
The maximum value of the dynamic contact force F(t) ͑based on absolute norm͒, denoted by F max , is plotted against the speed in Fig. 5 for the case of k o ϭ15. At low speeds, F max increases with decreasing . For ϭ0.4 ͑57.6 km/hr or 36 mi/hr͒, F max for ϭ160 ͑critical case͒ is about three times the value of (F max ) SS . However, this effect of the boundary flexibility diminishes with speed. Table 1 compares the relative differences in the eigenvalue, natural frequency, w max , and F max at ϭ0.8 ͑refer to Figs. 4 and 5͒ between the SS and EE models. Define the relative difference as ␦ ϭ͉␦ SS Ϫ␦ EE ͉/␦ SS ϫ100%, where ␦ is a variable ͑, , w max , F max ). By the relation between the dimensionless eigenvalue and natural frequency , it can easily be shown that ϭ(2Ϫ ) or ϭ1Ϫͱ1Ϫ .
From Table 1 , for large ͑ϭ500 case͒, differences between calculations based on SS and EE models are small. At ( cr ) Fig. 3 Evaluation of the shear force distribution by the improved series "24…: "a… SS model with 3 "dotted…, 6 "dashed…, and 9 "solid… terms; "b… EE model "Ä10,000… with 6 "dotted…, 9
"dot-dashed…, 12 "dashed…, and 20 "solid… terms The effects of the oscillator frequency on the maximum response of the structure and the maximum interaction force are also examined. Figure 6 shows w max as a function of the speed for ϭ160 and different values of k o . It is clear that the effects of k o are significant only in a certain critical speed range, roughly 0.3 ϽϽ0.7 ͑43.2ϽϽ100.8 km/hr or 27ϽϽ63 mi/hr͒, for both SS and EE models. Numerical results also show that this critical speed range has a small dependence on . Again, at high speeds, w max increases almost linearly with speed. Figure 7 plots w max as a function of k o for ϭ0.5 ͑this figure may be interpreted as the ''frequency response''͒. It is seen that w max is relatively small when ϵͱk o /mϭͱ10k o is close to 1 (SS: 1SS ϭ 2 ; ϭ500: 1 ϭ9.4956; ϭ160: 1 ϭ8.7973; ϭ100: 1 ϭ8.2757). In other words, when the natural frequency of the oscillator is close to a natural frequency of the beam, the system behaves like a vibration absorber, and this phenomenon is more prominent for smaller .
Shear Force Distribution.
The shear force distribution for ϭ300 at various instants of time is plotted in Fig. 8 . Comparing this with Figs. 3͑a͒ and 3͑b͒ ͑a case with relatively large ͒ in which the maximum shear force is determined by the jump ͑moving load͒, it is seen that the boundary flexibility is also an important factor in evaluating the maximum shear force.
It is well known that as →ϱ, the EE model approaches the SS model. Figures 9 and 10͑a͒-10͑c͒ plot the temporal variations of the shear force at the mid-span of the beam for different boundary stiffness. Here, 0ϽtϽ1/ with ϭ0.8͑72 mi/hr͒ and k o ϭ10(1.2 ϫ10 7 N•m 2 ). It is clearly observed that the shear force of the EE model converges to that of the SS model only when is sufficiently large ͑e.g., ϭ10
5 in Fig. 10͑c͒͒ , that is, larger than a Transactions of the ASME critical value hereby denoted by ( cr ) . A useful and compact formula estimating ( cr ) will be derived in section 5.3, however, it is expected that ( cr ) ӷ( cr ) defined in section 3. For Ͻ( cr ) , the shear force has a large amplitude, high frequency oscillation in addition to the jump ͑due to moving load͒. This observed phenomenon has important implications in the modeling and cumulative fatigue of the continuum. For ''small'' , e.g., see Fig. 10͑a͒ for ϭ300Ͼ( cr ) , the amplitude of the oscillating component in the shear force is compatible with and may be even larger than the jump. Thus, both the moving load and the boundary flexibility are critical factors in determining the shear force of the beam for small values of . In general, the amplitude of this oscillating component diminishes as the boundary stiffness increases. Our numerical results show that similar phenomena of high frequency components are also observed for the bending moment.
We now attempt to understand the occurrence of the large amplitude, high frequency component. From Eq. ͑21͒ and since the static Green's function primarily accounts for the jump in the shear force, this high frequency component must be contributed by the high order terms in the conventional series portion. Numerical simulations show that high frequency components are eminent in the higher order terms for the EE model, but are negligible for the SS model. Moreover, for Ͻ( cr ) , 0рtр1/, max
Ϸ10
Ϫ3 max t ͉ 1 (0.5)q 1 (t)͉, where nϭ5,7 were chosen in our simulations. In other words, lower modes dominate in the evaluation of the response ͑confirmed experimentally in ͓29͔͒. However, this is not the case for the shear force.
Estimation of the Critical
Value " cr … . Based on our observations of the numerical results, an analytical estimate for ( cr ) can be obtained by comparing the higher order terms employed in the series expansion for the SS and EE models. Such an estimate is useful for arriving at the condition under which an elastically supported boundary can be idealized as simple based on the viewpoint of shear stress calculations. Since an analytical result for the moving oscillator problem is difficult, we seek to find this estimate by solving the moving force problem. This approach is justified because ͑i͒ for most conditions, the solutions of the moving force and the moving oscillator problems are close to each other, ͑ii͒ the qualitative behavior of the high frequency component is similar in the moving force problem.
For a moving force problem, the eigenfunctions and solutions for the generalized coordinates of the simply supported continuum are given by
with the relations n ϭn, n ϭ n 2 , ␣ n ϭ n . Whereas for the elastically supported continuum, they are n ͑ x ͒ϭa n sin n xϩb n cos n xϩc n sinh n xϩd n cosh n x,
q n ͑ t ͒ϭA n sin͑ n tϩ 1n ͒ϩB n sin͑␣ n tϩ 2n ͒
where a n , b n , c n , d n are coefficients to be determined by the boundary and normalization conditions. In Eq. ͑25͒,
Comparing Eqs. ͑23͒ and ͑25͒, it is found that every mode of the generalized coordinate contains two frequency components, one of low frequency content ␣ n and one of high frequency n . The relative amplitudes of these two frequency components are functions of the boundary conditions. Let ␤ be the ratio of the amplitude of the high frequency term to that of the low frequency term. In the SS model, ␤ n ϭ␣ n / n Ӷ1. From previous discussion, it can be concluded that ␤Х1 for small , and ␤ decreases with increasing and eventually converges to the value of the SS Fig. 10 Effects of boundary support stiffness on the shear force at the mid-span of the elastically supported beam: "a… Ä300, "b… Ä1,000, "c… Ä10 model. Moreover, numerical results show that the amplitudes of the low frequency terms do not vary much with the support stiffness. Hence, an asymptotic analysis is performed to estimate ( cr ) by equating the amplitudes of the high frequency terms given by Eqs. ͑23͒ and ͑25͒.
When n is sufficiently large, ␤ n Ӷ1, then the amplitude of the high frequency component of q n (t) for the simply supported continuum can be simplified as.
In order to obtain a similar result as Eq. ͑28͒ for the EE model, we estimate the asymptotic values of the coefficients in Eq. ͑26͒. From Eq. ͑4͒, the coefficients of the eigenfunctions are related by
For large n, C 3 ХϪ1. Then, employing the orthonormal condition ͑10͒ gives
where
Substituting Eq. ͑30͒ into ͑26͒, the amplitude of the high frequency component of q n (t) for the elastically supported continuum is obtained
When n is sufficiently large, the above expression simplifies to
When the shear force of the elastically supported continuum converges to that of the simply supported model, the relation of A n* e ϭA n* s should be satisfied, where n* is the number of terms required for the series ͑21͒ to converge. Equating Eqs. ͑28͒ and ͑32͒ gives a simple formula for estimating ( cr )
This is the critical stiffness value for which the difference between the shear stress and the bending moment of the simply supported and elastically supported continua is sufficiently small and the elastic boundary condition can be idealized as simple for the purpose of stress calculations. Note also that Eq. ͑33͒ is a useful and compact formula. Typically, the value for the speed of the oscillator is of O(1). For n*ϭ9, ( cr ) Х6.4ϫ10 5 , which coincides quite well with the numerical results, see Fig. 10͑c͒ . Note that, as expected, ( cr ) ӷ( cr ) . 
Effects of
where, for comparison purpose, we have denoted ŵ (x,t) as the response of the damped continuum. The complex eigenvalues of the damped system are given by: n ϭ␥ n ϩi n , where ␥ n ϭϪ/2, ϭd/ is the damping ratio, n ϭͱ n 2 Ϫ␥ n 2 , n are the eigenfrequencies of the associated undamped system. The eigenfunctions can be assumed to be of the form n ϭu n n ͓30͔, where n is the eigenfunction of the associated undamped system, and the complex multiplier is derived to be u n 2 ϭϪi n / n . The response of the damped system is then given by the series expansion
where q n R (t) is the real part of the integral q n ͑ t ͒ϭ 1 i n ͵ 0 t e n ͑ tϪ ͒ n ͑ ͓͒mgϩF͑ t ͔͒d.
Equation ͑21͒ Figure 11 plots the shear force at the mid-span of the beam with moderate damping, ϭ8.0 s Ϫ1 ͑the critical damping for this continuum is 38.7149 s Ϫ1 ͒ and ϭ1,000. Comparing Fig. 11 with Fig. 10͑b͒ , it is seen that the large amplitude, high frequency component persists in the beginning and then gradually diminishes by the damping. This is characteristic of the transient effect of viscous damping. Thus, for moving load problems ͑transient in nature͒, it is practically impossible to eliminate this high frequency component by simple damping mechanism.
Summary and Conclusions
In this work, numerical results for the response, the dynamic interaction force ͑moving contact force͒, and the shear force of an Euler-Bernoulli beam carrying a moving sprung-mass oscillator are presented. The boundaries of the beam are modeled by linear, elastic spring supports. The response and interaction force are expressed in terms of an eigenfunction expansion series, leading to solution of a set of coupled differential equations. An improved series expansion is derived for the shear force to accelerate the poor convergence due to the moving load. Effects of boundary By using integration by parts, the RHS of ͑A3͒ becomes w ͑ x,t ͒ϭ ͵ 
Using the modal series ͑A4͒ and applying the orthogonality condition ͑10͒, we get 
